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Abstract: Several problems in algebraic geometry and coding theory over finite rings
are modeled by systems of algebraic equations. Among these problems, we have the rank
decoding problem, which is used in the construction of public-key cryptosystems. A finite
chain ring is a finite ring admitting exactly one maximal ideal and every ideal being generated
by one element. In 2004, Nechaev and Mikhailov proposed two methods for solving systems
of polynomial equations over finite chain rings. These methods used solutions over the residue
field to construct all solutions step by step. However, for some types of algebraic equations,
one simply needs partial solutions. In this paper, we combine two existing approaches to show
how Gröbner bases over finite chain rings can be used to solve systems of algebraic equations
over finite commutative rings. Then, we use skew polynomials and Plücker coordinates to show
that some algebraic approaches used to solve the rank decoding problem and the MinRank
problem over finite fields can be extended to finite principal ideal rings.
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